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Abstract
Fourier series (FS) is an efficient tool for describing irregular geometries and has been employed to develop the FS-based
particle model in the discrete element method (DEM). This work is devoted to extending the previous FS-based particle model
to the Minkowski and Gilbert–Johnson–Keerthi (GJK)-based contact detection and resolution framework for DEM, and thus
to improving its computational efficiency and compatibility with other conventional particle models. In the new FS-based
particle model, instead of representing particle surface, the FS is proposed to represent the support function of particle surface.
Particle surface and support points are then formulated based on the FS support function. As the Minkowski- and GJK-based
detection and resolution framework relies heavily on the convexity of particles, the convexity constraint and the approach to
generate convexity preserving FS-based particles are also presented. The accuracy of the new FS-based particle model for
shape representation is analyzed using a set of irregular shape templates. DEM simulation of random packing and biaxial
compression test with various particle models is also performed to demonstrate the computational performance and numerical
stability of the new FS-based particle model.

Keywords Discrete element model · Irregular shapes · Fourier series · GJK · Convexity preserving

1 Introduction

The discrete element method (DEM) [1] is a type of dis-
continuous mechanical method that is suitable for modeling
granular materials. It has been applied to study material
anisotropic behavior [2,3], stability and localization prob-
lems [4,5], dry and saturated granular flows [6], and also in
multiscale simulations [7,8]. In order to approach accurate
modeling of granular materials based on DEM, it is critical
to precisely incorporate the particle physical and morpho-
logical features into the DEM model. In particular, particle
shape is known as a salient factor that would affect the bulk
behavior of a granular material. It could make a significant
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contribution to the porosity, compressibility, critical state
line intercept and, etc., of granular packing [9,10]. Thus, the
research on developing irregular-shaped particle models for
accurate and efficient DEM simulations has been attracting
increasing interests recently.

Geometrically, any concave shapes can be decomposed
into pieces of convex shapes, which thus can be regarded
as the primary elements/shapes in DEM and will be the
focus of this study. In two dimensions, particle models have
been developed using ellipse [11], polygon [12], NURBS
[4,13], Fourier series (FS) [14,15], polybézier [16], and, etc.
Reviews on the developments of particle models can be seen
in Lu et al. [17], Zhong et al. [18]. Among the various parti-
cle models, the FS-based particle model is attractive due to
the reasons in twofold. First, benefiting from the characteris-
tics of FS, the FS-based particle model is able to describe
general irregular-shaped particles with high accuracy and
efficiency [19,20]. Second, there have been researches show-
ing that the morphological characteristics (e.g., elongation,
roundness and roughness) of a particle could be related to
the FS coefficients, which have been utilized to generate
virtual particles with desired characteristics [21,22]. How-
ever, in the FS-based particle model proposed by Lai et al.
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[14], as well as its recent extension to concave particles [15],
the conventional geometric characteristics-based algorithms
are adopted to detect particle contacts and resolve contact
geometric features. Although the FS-based particle model
has shown to be efficient comparing with the clump-based
particle model, its application is limited as the geometric
characteristics-based contact algorithms are still computa-
tionally expensive. In addition, it is not straightforward to
incorporate the FS-based particle model with other conven-
tional particle models (e.g., the circular, ellipse-based or
polybézier-based particle models).

The Gilbert–Johnson–Keerthi (GJK) algorithm, first pro-
posed by Gilbert et al. [23], is an accurate and efficient
algorithm for determining whether two convex objects are
in contact, and computing the separation distance if they are
not. It was first adopted by Wachs et al. [24] to deal with the
contact detection and resolution problem inDEM.By using a
glued-convex-particles approach, it was also enabled to han-
dle non-convex particles in a recent study [25]. One of the
most attractive features of GJK is that it is applicable to any
shape that implements a support function. For example, based
on the GJK framework, some versatile particle models have
been developed with recourse to poly-super-ellipsoid [26] or
polybézier curves [16]. In view of the efficiency and flexi-
bility of GJK, this work is devoted to extending the previous
FS-based particle model to the GJK-based contact detection
and resolution framework for DEM. A major novelty of this
work is that, instead of representing particle surface, the FS
is proposed to represent the support function of a particle.
Particle surface and support points are then derived based
on the FS support function. Hence, the new FS-based par-
ticle model is palatable to the GJK-based contact detection
and resolution framework and compatible with other conven-
tional particle models in a DEM simulation.

In the following, themethodology, including the FS-based
support mapping and convexity constraint, of the new FS-
based particle model is first presented in Sect. 2. Then, the
performance of the FS-based particle model for describing
irregular-shaped particles and for DEM simulations is inves-
tigated in Sect. 3. Lastly, concluding remarks are summarized
in Sect. 4. The discussion of this work will be limited to two
dimensions. The extension of FS to the three dimensions
is spherical harmonics [27], where a major challenge for
its integration with GJK is the convexity issue. While there
exists a closed-form criterion [28] for the spherical harmon-
ics coefficients to achieve a convex particle shape, adjusting
the spherical harmonics coefficients to satisfy this criterion
is difficult and is one of the major problems to be working
on.

2 Methodology

2.1 Review of the original FS-based particle model

In the original FS-based particle model [14], the FS is
employed to describe the surface of a particle, as shown in
Fig. 1a. With particle surfaces described by FS, the contact
detection and resolution are then converted into constrained
optimization problems. As depicted in Fig. 1b, point Ap is a
surface point of Particle p. The line passing the centroid Cq

of Particle q and point Ap would intersect with the surface of
Particle q at point Aq . Hence, the contact detection becomes
equivalent to determining whether line segment Cq Ap is
shorter than line segment Cq Aq , i.e., to finding the minimal
of the signed length of Ap Aq . Once a contact is identified,
the contact resolution procedure is invoked to evaluate the
contact geometric features, such as contact normal, contact
overlap and contact point, which are required by a contact
model to calculate contact forces. Fig. 1c illustrates the defi-
nition of contact geometric features in the original FS-based
particlemodel, where a critical step is to find the intersections
(i.e., points I1 and I2) of the two particle surfaces.

The original FS-based particle model assumes particle are
convex so that the optimization problems of contact detection
and resolution can be solved in a global sense using the New-
ton’s method. If concave particles are involved, the contact
detection and resolution problem needs to be solved locally
for each convex segments of the particles. A recent progress
along this line is the work of Su and Wang [15], where the
node-to-curve algorithm is employed to detect contacts. As
shown in Fig. 1e, particles are first discretized into a set of
nodes and the contact detection problem becomes equiva-
lent to determining if there exists a node in particle p that
intrudes into particle q. The contact resolution problem is
then solved by calculating the overlapping area of the two
particle surfaces. In both the original FS-based particlemodel
[14] and the concave extension [15], the contact detection and
resolution algorithms are developed based on the geometric
characteristics of two particles and the Newton’s method.
Although the original FS-based particle model is shown to
be efficient comparing with the clump-based particle, its
application is limited as the geometric characteristics-based
contact algorithms are still relatively computationally expen-
sive. In addition, it is not straightforward to incorporate the
original FS-based particle model with other particle models
in a DEM simulation.

2.2 The new FS-based particle model

In the new FS-based particle model, the FS is employed to
describe the support function,which represents the functional
relationship between support points and support directions.
As shown in Fig. 2a, given a direction v, the corresponding
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Fig. 1 Illustration of the main methodology of the original FS-based particle models

support point P is the surface point that has the maximum
dot product with this direction. The support function is then
defined as the dot product of the support point and the support
direction, such that

p(v) = max(v · P), P ∈ A (1)

In two dimensions, it is convenient to represent the support
direction by polar angle θ , that v = (cos θ, sin θ). As such,
the support function canbe expressed as a function of variable
θ and can be written in FS as

p(θ) = 1

2
a0 +

N∑

n=1

[an cos (nθ) + bn sin (nθ)] (2)

where a0, an and bn are the FS coefficients of the support
function and should be distinguished from the FS coefficients
of radial distance function in the original FS-based particle
model [14]; N indicates the FS order and n is the order index.
The FS coefficients of radial distance function and support
function are implicitly associated with each other for a given
shape, while an explicit relationship or correlation between

them does not exist. Fig. 2b illustrates the profile of a support
function. For a continuous surface, the support direction is
perpendicular to the tangent line passing the support point,
as shown in Fig. 2c. This feature provides a convenient way
to calculate the support point based on the support function,
such that [28]

x(θ) = p(θ) cos θ − p′(θ) sin θ (3)

y(θ) = p(θ) sin θ + p′(θ) cos θ (4)

where x(θ) and y(θ) are the coordinates of the support points;
p′(θ) is the derivative of p(θ) with respect to θ .

With the formulation of support points, the new FS-based
particle model is hence palatable to the GJK-based contact
detection and resolution framework forDEMsimulation. The
GJK-based algorithms for contact detection and resolution
are well-developed and will not be exhaustively presented in
this work. Interested readers are referred to Lai and Huang
[24],Wachs et al. [26], Zhao and Zhao [29],Seelen et al.
[16] for more details. In this work, the classical GJK and
expanding polytope algorithm (EPA) are adopted for the
example DEM simulation. There are also improved GJK-
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Fig. 2 Illustration of the new FS-based particle model with the definition of support direction, support point and support function

based contact algorithms (e.g., hybrid Levenberg–Marquardt
and GJK-erosion approach [26]) with higher performance
than the adopted GJK and EPA algorithms. The classical
GJK and EPA algorithms are adopted for simplicity, and it
is noted that the proposed new FS-based particle model is
applicable to those improved algorithms.

2.3 Particle generation and convexity

The procedure for generating particles using the new FS-
based particle model is illustrated in Fig. 3. Give a reference
shape (which could be obtained from imaging techniques),
the boundary points of the shape are first extracted using
image processing techniques. The boundary points form a
close surface and are made convex by extracting the con-
vex hull. Then, one can sample a uniform set of support
directions and calculate the corresponding support function
values based on the definition given in Eq. (1). Specifically,
for a given support direction, the dot products of all boundary
points of the particlewith the support direction are calculated,
and the boundary point that gives the maximum dot prod-
uct is the support point corresponding to the given support
direction. Finally, the support directions and support func-
tion values are cast into Eq. (2) to form an equation array,
based on which the FS coefficients can be solved. Once the
FS coefficients are solved, they can be cast into Eqs. (3) and
(4) to calculate support points, which can be used for parti-
cle shape visualization and GJK-based contact detection and
resolution.

It is worth mentioning that particle shape can also be rep-
resented by using directly the convex polygon (i.e., convex
hull) formed by the set of points discretizing the particle sur-
face. Comparing with polygon, the FS-based particle shape
description has two advantages. First, the computation of
support point for FS is O(1) time complexity (by the virtue
of explicit expression of support point), while it is at least
O(

√
n) for polygon, where n is the number of polygon ver-

tices. Although the computation of dot product is efficient,

the time cost for computing
√
n times of dot products could

be significant for polygons with a large number of vertices,
i.e., a smooth shape. Second, the FS coefficients of a particle
are closely correlated with the morphological characteristics
(e.g., aspect ratio, roundness and roughness) of the particle,
which can be utilized to perform shape analysis and to create
virtual particles [30].

The precondition of the GJK-based framework for contact
detection and resolution is that all particles must be convex.
Although the reference shape is made convex when used
to generate a FS-based particle, the convexity might not be
preserved after the surface sampling and fitting process. An
advantage of the new FS-based particle model is that there
exists an explicit closed-form expression of convexity con-
dition, given as [28,31]

p′′(θ) + p(θ) ≥ 0 (5)

where p′′(θ) is the second derivative of p(θ) with respect to
θ . By substituting with the FS support function given in Eq.
(2), the convexity constraint for the FS-based particle model
can be expressed as

p′′(θ) + p(θ)

= 1

2
a0 −

N∑

n=1

(n2 − 1)[an cos (nθ) + bn sin (nθ)]

= 1

2
a0 −

N∑

n=1

(n2 − 1)
√
a2n + b2n sin (nθ + βn) ≥ 0

(6)

where βn = atan2(bn, an) are the phase variables. With
recourse to the characteristic that the absolute value of sine
functions is less than one, a sufficient condition of convexity
can be derived from Eq. (6), that

1

2
a0 −

N∑

n=1

(n2 − 1)
√
a2n + b2n ≥ 0 (7)
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Fig. 3 Illustration of the procedure for generating particle templates using the new FS-based particle model

It can be observed from Eq. (7) that the higher-order FS
coefficients, aftermultiplied by the square term n2−1, would
significantly degrade the convexity condition. In practice, it
is proposed to gradually reduce the value of the higher-order
FS coefficients, until the convexity condition is satisfied. The
coefficients reduction procedure consists of two main steps:
(1) select the last two coefficients (i.e., an and bn) that are not
negligibly small (i.e.,

√
a2n + b2n > ε, where ε is the toler-

ance and is set to 10−6 in this work); (2) reduce the selected
two coefficients by iteratively multiplying a factor β (i.e.,
an = βan and bn = βbn). Steps (1) and (2) are repeated until
the convexity criterion is satisfied. This approach could be
justifiable in that the higher-order FS coefficients are primar-
ily correlated with the surface roughness details of a particle
[32]. The surface roughness details are often neglected in a
DEM simulation for simplicity and efficiency. As a compen-
sation of the surface roughness effects, a enlarged contact
friction is often adopted after calibration. It is worth noting
that the shape geometric fitting problem can also be for-
mulated as a constrained minimization problem by taking
the shape representation accuracy as objective function and
the convexity criterion as constraint. The constrained mini-
mization approach may provide higher shape representation
accuracy, comparing with the approach in the present work
and will be explored in future for the 3D spherical harmonics
case.

3 Numerical examples

This section presents the results of two numerical tests on the
new FS-based particle model. The first test involves to apply
the new FS-based particle model to describe a set of irregular

shapes, where the shape representation accuracy is evaluated
and comparedwith the original FS-based particlemodel. The
second is a random packing and biaxial compression test
on particles of various sizes and shapes to demonstrate the
performance of the new model in DEM simulation.

3.1 Accuracy in shape representation

To evaluate shape representation accuracy, the new FS-based
particle model is applied to 12 shape templates that are pre-
viously used in the work of the original FS-based particle
model [14]. Similar to the previous work, the percent cov-
erage is used to quantify the shape representation accuracy.
The percent coverage is defined as one minus the percent
difference between the area covered by the reconstructed FS-
based particle and the area covered by the reference shape.
There are also researches [33–35] that employ shape char-
acterization descriptors, such as elongation index, flatness
index, roundness, roughness, to evaluate the shape represen-
tation accuracy. Nonetheless, as these shape characterization
descriptors are derived from particle shape profiles, the per-
cent coverage, which directly compares the particle shape
profiles of the original shape and the reconstructed shape, is
the most basic descriptor for evaluating shape representation
accuracy. Figure 4 shows several examples of the FS-based
particle shapes with different FS orders. Generally, the new
FS-based particle model exhibits a trend of shape evolution
similar to the original FS-based particle model with increas-
ing FS order. The shape representation accuracy increases
with increasing FS order. Lower-order FS coefficients (e.g., 1
and2) capture the overall aspect ratios of the particle,whereas
higher-order FS coefficients (e.g., 4∼8) affect the roundness
of the particle. For non-convex shapes (e.g., template A in
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Original model
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N = 8, P = 99.5%Template A

Fig. 4 Examples of FS-based particle shapes with different FS orders

Fig. 4), due to the imposition of convexity during geometric
fitting, the new FS method would generally exhibit a shape
representation accuracy that is slightly smaller than the orig-
inal FS method. Whereas for convex shapes (e.g., template
B in Fig. 4), the new FS method performs similarly to the
original FS method. The slight difference between the two
methods (for template B in Fig. 4) is resulted from geomet-
ric fitting and numerical errors, and the fact that the FS is
employed to represent support points in the new FS method
whereas to represent surface points in the original FSmethod.

As a more quantitative investigation, Fig. 5 plots the evo-
lution of percent coveragewith increasing FS order for all the
12 shape templates. The results of the original FS-based par-
ticle model are also presented for the purpose of comparison.
For the new FS-based particle model, the shape representa-
tion accuracy increases with FS order, whereas it maintains
at a constant value when the FS order reaches a certain value.
As discussed in the previous section, in order to preserve the
particle convexity during the geometric fitting process, the
value of higher-order FS coefficients is gradually reduced.
For some shape templates, the FS coefficients of order 8 or
higher are eventually reduced to zeros, and thus the FS-based
particle model of order 8 or higher degenerates to a model
of order 8. And, for certain shapes, the FS coefficients of
order 8 or lower may have to be further reduced to satisfy
the convexity constraint, and as a result the FS may even
degenerate to an order less than 8. Overall, the shape rep-
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Fig. 5 The evolution of percent coverage with increasing FS order for
the original and new FS-based particle model

resentation accuracy of the new FS-based particle model is
slightly lower (e.g., 95.8% vs. 99.2% for an order of 8) than
the original model. Nonetheless, the new model achieves an
average percent coverage of more than 95% with an order
of 8, which is able to reproduce the overall aspect ratio and
roundness of the particles.
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Fig. 6 Results of random packing: a snapshot of the particle assembly at the end of random packing, b evolution of particle velocity and relative
kinetic energy during the packing process

3.2 Random packing and biaxial compression

The random packing and biaxial compression test involves
500particles that are representedbydifferent particlemodels,
including the circle-, ellipse-, polygon-, polybézier-, and new
FS-based particle models. As shown in Fig. 6a, the particle
model is randomly selected from the considered models for
the generation of each particle. The particles have an equiv-
alent size (i.e., the size of circle with the same area) ranging
from 0.04 m to 0.06 m. To begin with, the 500 particles are
randomly placed in a rectangle box of 1.0 m in width and
3.0 m in height. These particles are then allowed to settle
down at gravity. After reaching quasi-equilibrium, the biax-
ial compression is performed with two stages, namely the
consolidation stage and the compression stage, and with a
confining pressure of 100 KPa. The loading rate during the
compression stage is 0.1 m/s, which lasts for 2.0 s to account
for a final axial strain of about 16%. For simplicity, the linear-
spring contact model is used and is given as follows:

Fn = knδn (8)

Ft = min (F0
t + ktΔδt , μcFn) (9)

Mc = 0 (10)

where Fn and Ft are the contact normal and tangential forces,
respectively; kn and kt are the contact normal and tangential
stiffness, respectively; μc is the contact friction coefficient;
F0
t is the tangential force at the beginning of the currentDEM

cycle; and Mc is the contact moment. In particular, the con-
tact parameters are listed as follows: normal and tangential

stiffness 1×107 N/m, contact friction 0.2. The velocity-based
damping force andmoment [4] are consideredwith the damp-
ing coefficient being 0.7. The timestep is fixed at 1×10−4 s.
The particle density is 2700 kg/m3, and the gravity coefficient
is 9.8 m/s2.

A snapshot of the particle assembly at the end of random
packing is shown inFig. 6a. It is observed that the particles are
standing by each other, and no particle is unexpectedly over-
lappingor penetrating into another one. The contacts between
the different types of particles are accurately identified. Fig.
6b shows the evolution of the particle average velocity and the
relative kinetic energy (the ratio of the kinetic energy to the
contact potential energy) during the packing process. Both
the average velocity and the relative kinetic energy dimin-
ish to a fairly small value at the end of packing process.
Fig. 7a plots the evolution of the axial and lateral stresses
(compression as positive) of the packing during the biaxial
compression process. The lateral stress is successfully main-
tained at the specified 100KPa during thewhole compression
process, whereas the axial stress maintains at 100 KPa dur-
ing the first second and then gradually increases during the
next two seconds. Fig. 7b plots the evaluation of the devia-
toric stress ratio and volumetric strain with increasing axial
strain (compression as positive). The deviatoric stress ratio
increases until the axis strain reaches approximately 6% and
then almost plateaus. The volumetric strain increases gradu-
ally during whole compression process. Overall, the results
of energy evolution, stress evolution and stress-strain behav-
ior indicate the good numerical stability of the new FS-based
particle model and DEM simulation.
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Fig. 7 Evolution of the a axial and lateral stresses, and b deviatoric stress ratio and volumetric strain during the biaxial compression process

To gain an insight into the computational performance of
the new FS-based particle model, the convergence profiles of
the GJK and EPA algorithms are plotted in Fig. 8. It can be
observed that the pairs of particles that are in contact over-
all require a larger number of calls for support function than
the pairs of particles that are not in contact. For FS-FS par-
ticle pairs, the average number of support function calls is
6.4 for contact cases and is 1.0 for non-contact cases. The
EPA exhibits a linear convergence rate, which is consistent
with observation of the polybézier-based particlemodel [16].
More specifically, the residual approximately decreases by an
order of 106 with 10 iterations. Herein, the residual is calcu-
lated as the difference between the Euclidean length of the
newly added support point and the smallest distance from
the origin to the edges of the polytope. As a comparison of
the GJK performance for different particle models, the aver-
age number of support function calls for different types of
particle pair is summarized in Table 1. Overall, the num-
ber of support function calls of the new FS-based particle is
close to that of the polybézier-based particle models, which
have smooth and continuous geometries. The polygon-based
particle model requires the least number of support func-
tion calls. This finding is consistent with the observation in
three-dimensional DEM simulations that the GJK algorithm
works better for polyhedra, which have a limited number of
vertices and flat faces, than shapes with curved and smooth
surfaces [36]. Nonetheless, the FS-based particle model has
the advantage of reproducing general-shaped particles with
smooth and continuous surfaces.

Lastly, it is worthwhile mentioning about the computa-
tional costs of the original and new FS-based particle model.
For the new FS-based particle model, which is incorpo-
rated with the GJK-based contact detection and resolution
framework, the total time cost is about 15 hours for the
whole random packing and biaxial compression process (i.e.,

80,000 DEM cycles with one Intel i7-7700 core), whereas it
takes more than 29.5 hours for the original FS-based particle
model. Overall, the results of random packing and biaxial
compression tests demonstrate that the new FS-based can be
well integrated into the classicalGJK-based contact detection
and resolution framework,which could significantly improve
the computational efficiency of the FS-based particle model
for DEM simulation. In addition, the new FS-based particle
can be well incorporated with other convex particle mod-
els, which improves the flexibility of a DEM simulation to
accommodate the various modeling demands in practice.

4 Summary

This work developed a new FS-based particle model that is
applicable to the GJK-based contact detection and resolution
framework forDEMsimulation. In the newFS-based particle
model, the FS is employed to describe the support function of
a particle. Particle surface and support point of the particle
are then formulated based on the FS-based support func-
tion. Moreover, the convexity constraint and the procedure
for generating convexity preserving FS-based particles were
also developed. With the formulation of support points and
preservation of convexity, the new FS-based particle model
can be readily integrated into the GJK-based contact detec-
tion and resolution framework for DEM simulation. It can
also be incorporated with other conventional particle models
with convex geometries (e.g., circle, ellipse and polybézier).
The accuracy of the new FS-based particle model in describ-
ing irregular-shaped particles was analyzed using a set of
irregular shape templates. Results indicate that with suffi-
cient FS order, the new FS-based particle model is able to
reproduce the overall aspect ratio and roundness of a parti-
cle. It achieves a percent coverage of more than 95% with
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(c) Polybézier-polybézier

Fig. 8 Results of GJK and EPA performance in one DEM computational cycle: a FS-FS case, b polygon-polygon case, and c polybézier-polybézier
case. The left column represents the number of support function calls in GJK, and the right column represents the convergence profile of EPA
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Table 1 Average number of
support function calls in the
GJK algorithm for different
types of particle pair. The
bottom left corner of the table is
left out due to symmetry

Particle model New FS Circle Ellipse Polygon Polybézier

New FS 4.63 5.51 5.51 4.34 5.46

Circle – 3.00 6.04 4.52 5.52

Ellipse – – 5.20 4.35 5.45

Polygon – – – 2.91 3.92

Polybézier – – – – 5.10

a FS order of 8. The results of random packing and biaxial
compression has demonstrated the good computational effi-
ciency and numerical stability of the new FS-based particle
model in DEM simulation. In GJK, the number of support
function calls required by the new FS-based particle model
is close to that of the other particle models with a smooth
and continuous geometry (e.g., polybézier). The EPA for the
new FS-based particle model exhibits a linear convergence
profile, which is also similar to that of the conventional parti-
cle models. Lastly, it is noted that the new FS-based particle
model is shown to be two times faster than the original FS-
based particle model. The extension of the FS-based particle
model to the three dimensions is the spherical harmonics-
based particle model, of which the preservation of convexity
for GJK is more difficult and will be explored in future.
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